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Muhammad ibn Madsa al-Khwarizmi
The Compendious Book on Calculation by Completion and Balancing
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Liber algebrae et almucabala by Robert of Chester (Spain, 1145)
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KEPLER: Mysterium Cosmographicum (1596)

The earth is the sphere, the measure of all; round it
describe a dodecahedron; the sphere including this
will be Mars. Round Mars describe a tetrahedron,;
the sphere including this will be Jupiter. Describe a
cube round Jupiter; the sphere including this will be
Saturn. Now, inscribe in the earth an icosahedron,
the sphere inscribed in it will be Venus: inscribe an
octahedron in Venus: the circle inscribed in it will be
Mercury.

KEPLER : Harmonices Mundi (1618)

Geometry, coeternal with God and shining in the
divine Mind, gave God the pattern... by which he
laid out the world so that it might be best and
most beautiful and finally most like the Creator.
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Rene Descartes—1596-1650
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Discours de la méthode pour bien conduire sa raison et
chercher la vérité dans les sciences (1637)
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1) Only the mathematicians have been able to
arrive at any proofs, that is, certain and
evident reasons (disc.2)

2) It is not enough to have a good mind. The
main thing is to use it well (disc. 5).

3) Perfect numbers like perfect men are very rare...



The Geometry of René Descartes
BOOK I

ProeLEMS THE CoNSTRUCTION OF WHICH REQUIRES ONLY STRAIGHT

LiNES AND CIRCLES

ANY problem in geometry can easily be reduced to such terms that
a knowledge of the lengths of certain straight lines is sufficient
for its construction."! Just as arithmetic consists of only four or five
operations, namely, addition, subtraction, multiplication, division and the
extraction of roots, which may be considered a kind of division, so in
geometry, to find required lines it is merely necessary to add or subtract
other lines; or else, taking one line which I shall call unity in order to
relate it as closely as possible to numbers,” and which can in general be
chosen arbitrarily, and having given two other lines, to find a fourth
line which shall be to one of the given lines as the other is to unity
(which is the same as multiplication) ; or, again, to find a fourth line
which is to one of the given lines as unity is"to the other (which is
equivalent to division); or, finally, to find one, two, or several mean
proportionals between unity and some other line (which is the same

) Large collections of problems of this nature are contained in the following
works: Vincenzo Riccati and Girolamo Saladino, Institutiones Analyticae, Bologna,
1765; Maria Gaetana Agnesi, Istituzioni Analitiche, Milan, 1748; Claude Rabuel,
Commentaires sur la Géoméirie de M. Descartes, Lyons, 1730 (hereafter referred
to as Rabuel) ; and other books of the same period or earlier.

1 Van Schooten, in his Latin edition of 1683, has this note: “Per unitatem
intellige lineam quandam determinatam, qua ad quamvis reliquarum linearum talem
relationem habeat, qualem unitas ad certum aliquem numerum.” Geometria a
Renato Des Cartes, una cum notis Florimondi de Beaune, opera atque studio
Francisci & Schooten, Amsterdam, 1683, p. 165 (hereafter referred to as Van
Schooten).

In general, the translation runs page for page with the facing original. On
account of figures and footnotes, however, this plan is occasionatly varied, but not
in such a way as to cause the reader any serious inconvenience.
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GEOMETRIE.

LIVRE PREMIER.

Des problefmes quon peut confErnire fans
_y employer que des cercles ¢ des
tgnes drostes.

pen BN Ou s les Problefmes de Geometrie fe
4 \26} > peuuent facilement reduire atels termes,

) s qu'il n’eft befoin parapres que de connoi-

7ol ftre lalongeur de quelques lignes droites,
2O pour les conftruire.

Et comme toute I’ Anthmetique n’eft compofée, que comme:
de quatre ou cinq operations, qui font I'Addition, la's cldl
Souftraction, la Multiplication, la Diuifion, & I'Extra- thmeti-
&ion des racines, qu’on peut prendre pour vne efpece ﬂa‘;‘; g";m
de Divifion : Ainfi n'at’on autre chofe a faire en Geo- auxope-
metrie touchant les lignes qu'on cherche, pour les pre- Goems %
parer a eftre connués, que leur en adioufter d’autres , ou txie.
enofter, Oubien en ayant vne, que 1 nommeray ['voité.
pour la rapporter d’aatant mieux aux nombres , & qui
peutordinairement eftre prife a difcretion, pus en ayant
encore deux autres, en trouuer voe quatriefme , qui foit
al'vnede ces deux,comme l'autre eft al'vnité, ce quieft
le mefime que laMultiplication ; oubien en trouuer vne
quatriefme, quifoital'vne de cesdeux, comme Pvnite
Pp elt
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298 LA GEOMETRIE.
eft al'autre, ce qui eft le mefme que la Divifion; ou enfin
trouuer vie,ou deux ,ou plufieurs moyennes proportion-
nelles entre 'vnité, & quelque autre ligne; ce quieftle
mef{me quetirer la racine quarrée, oncubique,&c. Etie
ne craindray pas d'introduire ces termes d’Arithmeti-
que en la Geometrie , affin de me rendre plus intel-
ligibile.
La Mulei- Soit par exemple
plication. ) > . e .
A Blvnité, & qu'il fail-
E Y
le multiplier BD par
C B C, ien’ay qu'aioindre
les poins A & C, puis ti-
rer DE paralleleaCA,
& BEeft le produitde
cete Multiplication.
La Divi- Qubiens'il faut divifer BE par BD, ayant ioint les
fion. . .
poins E & D, ie tire AC parallele a DE, & B Ceftle
P Exera. Produit de cete divifion.

&iondela Ous'il faut tirer la racine
racine 1

quarrée. quarrée de GH,, ie luy ad-
loufte en ligne droite FG,
qui eft Pvnité, & divifant FH
P G XK H en deux parties efgales au
point K, du centre K ie tire
le cercle FIH, puis eflenant du point G vne ligne droite
infques 2 I,2 angles droits fur FH, c’eft GI laracine
cherchée. lenedisrienicydelaracine cubique, ny des
autres, a caufe que i'en patleray plus commodement cy

__, aprés.
e Mais founent onn’a pas befoin de tracer ainfi ces li-
gne
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FIRST BOOK

as extracting the square root, cube root, etc., of the given line™ And
I shall not hesitate to introduce these arithmetical terms into geometry,
for the sake of greater clearness.

For example, let AB be taken as unity, and let it be required
to multiply BD by BC. I have only to join the points A and C, and
draw DE parallel to CA ; then BE is the product of BD and BC.

If it be required to divide BE by BD, I join E and D, and draw AC
parallel to DE ; then BC is the result of the division.

If the square root of GH is desired, I add, along the same
straight line, FG equal to unity; then, bisecting FH at K, I describe
the circle FIH about K as a center, and draw from G a perpendicular
and extend it to I, and GI is the required root. I do not speak here of
cube root, or other roots, since I shall speak more conveniently of them
later.

Often it is not necessary thus to draw the lines on paper, but it is
sufficient to designate each by a single letter. Thus, to add the lines
BD and GH, I call one a and the other b, and write ¢ + b. Then ¢ —b
will indicate that b is subtracted from a; ab that a is multiplied by b;

a

7 that ¢ is divided by b; aa or o® that ¢ is multiplied by itself; @* that
this result is multiplied by a, and so on, indefinitely.”! Again, if I wish
to extract the square root of a?-4b% I write VVa*+b%; if I wish to

extract the cube root of a®*—b*-}-ab?, I write ¥ @*—b*J-ab?, and sim-
ilarly for other roots." Here it must be observed that by a?, b, and
similar expressions, I ordinarily mean only simple lines, which, how-
ever, I name squares, cubes, etc., so that I may make use of the terms
employed in algebra.”

®' While in arithmetic the only exact roots obtainable are those of perfect
powers, in geometry a length can be found which will represent exactly the square
root of a given line, even though this line be not commensurable with unity. Of
other roots, Descartes' speaks later.

¥ Descartes uses a3, a4, a°, a% and so on, to represent the respective powers
of a, but he uses both aa and a? without distinction. For example, he often has
aabb, but he also uses Zb"'

 Descartes writes: 4/C.a® —63+-abb. See original, page 299, line 9.

1 At the time this was wrltten, a? was commonly considered to mean the sur-
face of a square whose side is q, and b3 to mean the volume of a cube whose side
is b; while b4, b5, ... were unmtelhglble as geometric forms. Descartes here says

that a? does not have this meaning, but means the line obtained by constructing a
third proportional to 1 and ¢, and so on.
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